Let G be a finite Chevalley group and B a Borel subgroup. Then the interval [B, G] in L(G) is Boolean. We prove, using Zsigmondy's theorem, that for any element P in the open interval (B, G), its lattice-complement P ∁ is not a group-complement.
Preliminaries
A bounded lattice (L, ∨, ∧) is called complemented if any element a ∈ L admits a complement b ∈ L (i.e. a ∨ b =1 and a ∧ b =0). An interval of groups [B, G] in L(G) will be called lattice-complemented if it is complemented as a lattice. It will be called group-complemented if it is lattice-complemented and if for any P ∈ [B, G] there is a lattice-complement Q which is a group-complement, i.e. P Q = QP (so that P Q = G). The interval [B, G] is called strongly non group-complemented if for any P in the open interval (B, G), there is no (lattice-complement which is a) group-complement.
We refer to [2] for the notions of Dynkin diagram, Chevalley group, Borel subgroup, BNpair, parabolic subgroup, unipotent subgroup. We will use the classification of the finite (connected) Dynkin diagrams and the order of the corresponding Chevalley groups over the finite field F q with q a prime power. Let us recall them: Let V be the set of vertices of X n . Let W be a subset of V and let X W be the sub-diagram of X n whose vertices are W and whose edges are given by X n (so that X V = X n ). Note that X W decomposes into connected components which are connected Dynkin diagrams. 
Proof. A checking watching the Dynkin diagrams in Section 1.
Let X n be a (connected) Dynkin diagram and let I(X n ) denote the set I associated to X n (q) in the tables of Section 1.
Lemma 2.2. Let Y m be a connected sub-diagram of X n with m < n. Then max(I(Y m )) < max(I(X n )).
Proof.
A checking using all the previous tables. Theorem 2.3. Let a > 1 and r > 2 be integers. Then there is a prime number p (called primitive prime divisor) that divides a r −1 and does not divide a k −1 for any positive integer k < r, except for a = 2 and r = 6 where 2 6 − 1 = (2 2 − 1) 2 (2 3 − 1).
Proof. It is a particular case of Zsigmondy's theorem [5] . Proof. Let X n be the Dynkin diagram of G, and let V denote the vertices of X n . By Theorem 1.1, there is W ∈ P(V ) \ {∅, V } such that P = P W and P ∁ = P W ∁ .
If P ∁ is a group-complement, i.e. P P ∁ = P ∁ P = G, then by Product Formula: THE BOOLEAN INTERVALS OF CHEVALLEY TYPE ARE STRONGLY NON GROUP-COMPLEMENTED 3 with U W and L W as for Section 1. Take r = max(I(X n )) and let p be a primitive prime divisor of q r − 1 (coming from Theorem 2.3). First p cannot divide |U W | · |U W ∁ | because (by Theorem 1.1) this last number is a power of the order q of F q . So p must divide |L W | · |L W ∁ | which (by Theorem 1.1) is a product of order of Chevalley groups whose Dynkin diagrams are proper sub-diagrams of X n . The contradiction follows from Theorem 2.3 and Lemma 2.2 (so that P ∁ is not a group-complement), except when q = 2 and r = 6. In this last case, X n must be A 5 , B 3 , C 3 , D 4 or G 2 . We will explain how to rule out A 5 in a generic way (the same argument works for the others). We know that 2 −15 |A 5 (2)| = (2 2 − 1)(2 3 − 1)(2 4 − 1)(2 5 − 1)(2 6 − 1). Now, 2 5 − 1 has a primitive prime divisor. So we have {L W , L W ∁ } = {A 1 (2), A 4 (2)}. But
Note that there is a shorter and more illuminating proof working for the classical groups. Let us sketch it for G = GL(K n ), it works as well in general. Let B be a Borel subgroup of G. For any P in the open interval (B, G), P is a parabolic subgroup and there is a subspace V ⊂ K n such that P = G V (the stabilizer subgroup). But, for every subspace W ⊂ K n with dim(W ) = dim(V ), there is g ∈ G such that g(V ) = W . Assume that P P ∁ = P ∁ P = G, then g = ab with a ∈ P ∁ and b ∈ P .
Unfortunately the above argument does not work for the exceptional groups, that is why the current paper provides a uniform case-by-case proof using Zsigmondy's theorem, working for every Chevalley group. For being even more general, let us ask the following: To answer this question, we need to classify the finite simple groups G having a group factorization G = AB such that [A ∩ B, G] is Boolean; which reduces to a maximal factorization with no extra intermediate, in the sense that the open interval (A ∩ B, G) is equal to {A, B}. We obtained by GAP [3] the following list for (G, A, B) when |G| < 2 · 10 6 :
• (A 6 , A 5 , A 5 ), • (A 8 , A 7 , 2 3 : A 1 (7)), • (M 12 , M 11 , M 11 ), • (C 2 (2 2 ), A 1 (2 4 ) : 2, A 1 (2 4 ) : 2), • (C 3 (2), A 8 : 2, 2 A 2 (3 2 ) : 2).
A full classification should be accessible by using [4] .
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